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Oh ■ 1 Introduction 

r-| ! In 2001 N.Krylov observed in [3] and [Ij that for non-divergence parabohc 
[ equations coercive estimates for solutions can be proved even when the lead- 
^ ■ ing coefficients are only measurable functions with respect to t. Namely, he 
considered the equation 

■ {Cou){x,t) = dtu{x,t) - a'^{t)DiDju{x,t) = f{x,t) (1) 

^ ' in X R, where Dj = d/dxj and a*-^ are measurable real valued functions 
^ ■ of t satisfying a*-' = a-^* and 

iy\^\'<a''Uj<i^-'\^\^ eeM", u = const >0. (2) 

: 

O ■ He proved that for / e Lp^g{W x M) with 1 < p, g < oo, where Lp^g{n x M) 

■ is the space of functions on x M with finite norm 

S : ll/IU. 



(/(/ \f{x,t)\^dxY'dty\ (3) 



equation ([T]) has a unique solution such that dtu and DiDju belong to 
Lp^q{W X M) and 

p,g + J2mD,u\\p,g<C\\f\\p,g. (4) 

ij 



Let us turn to the Dirichlet boundary value problem in the half-space 
M" = {x = (x', Xn) E M."' : Xn > 0}. Now equation ([T]) is satisfied for Xn > 
and u = for x„ = 0. The following weighted coercive estimate 

\KdM\p,, + Yl \KD,D,u\\,,, < ciixi:/!!,,, , (5) 

was proved in [3], where 1 < p, g < oo and fi E [1 — 1/p, 2— 1/p). Furthermore 
from [6j and [S], it follows that the solution of the Dirichlet problem to ([T]) 
satisfies estimate (jl]) for yU = and p = q, p E (1, oo). 

One of the main results of this paper is the proof of estimate ([5]) for 
solutions of the Dirichlet problem to ([1]) for arbitrary p and q from (1, oo) 
and for /i satisfying 

- 1/p < /i < 2 - (6) 

We also prove analogs of estimates (jlj) and ([5]), where the norm || ■ \\p^q is 
replaced by 

Ill/lip,, = ( / ( / 

n R 

These norms and corresponding spaces, which will be denoted by Lp g{Q x M), 
play important role in the theory of quasilinear non- divergence parabolic 
equation (see fTT |). 

In Sect. |5]we give some applications of our results to the Dirichlet problem 
for linear and quasi-linear non- divergence parabolic equations with discontin- 
uous in time coefficients in cylinders Q x (0, T), where is a bounded domain 
in M". We prove solvability results in weighted Lp g and Lp g spaces, where 
the weight is a power of the distance to the boundary of fl. The smooth- 
ness of the boundary is characterized by smoothness of local isomorphisms 
in neighborhoods of boundary points, which fiatten the boundary. In partic- 
ular, if the boundary is of the class C^'^ with 6 G [0, 1], then for solutions to 
the linear problem ([T]) in x (0, T), where the coefficients a*-' may depend on 
X (namely, a*-' G C{Q — >■ L°°(0,T))), with zero initial and Dirichlet boundary 
conditions the following coercive estimate is proved in Theorem [5j 

\\{d{x)rd,u\\p,, + E \mx)rD.DMp,, < cmx)rf\u 
\mx)rdMk, + E \mx)rD,DML, < c\mx)rf\i,„ 
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where /i, p, q and 5 satisfy 1 < p,q < oo, 1 — 5 — - </i<2 — -. Here we 
use the notation C^'° for boundaries of the class . For p = q and 5 = this 
estimated was proved in [7\. 

In order to prove estimate ([5]) we use an approach based on the study of 
the Green function. We obtain point-wise estimates for the Green function 
for the Dirichlet problem in the half-space and its derivatives, see SectJS] 
The main ingredient in the proof is the decomposition of the kernel 

into the sum of truncated singular kernel X{x„>y/t^}Dx,Dx.T{x,y]t, s) and 
the complement kernel, see SectJH Here F and F-^ are the Green functions 
for the whole space and for the half-space respectively. The boundedness of 
singular operators with truncated kernels in Lp g and Lp^g spaces is proved in 
Sectj2l Then, using local estimates for solutions to parabolic equations in the 
half-space, we show that the complement kernels have weak singularities and 
give estimates of the norms of corresponding operators in Lp ^ and Lp g spaces. 
This leads to the proof of ([5]) under condition ([6]). Similar decompositions of 
the Green function were used by V.A. Solonnikov in [13] and [I4j . 

We shall use the following notation: x = (xi, . . . , x„) = {x', Xn) is a point 
in Wl = {a; G M*" : > 0} is a half-space; 

Qii{x\ t^) = {{x,t) : \x - x^\ < R, < - t < R^} 

is a cylinder; 

g+(a;°, t°) = {{x,t) : \x - x'^l < R, Xi > 0, 0<f-t< R^}. 

The last notation will be used only for x° G R". We adopt the convention 
regarding summation from 1 to n with respect to repeated indices. We use 
the letter C to denote various positive constants. To indicate that C depends 
on some parameter a, we sometimes write Ca- 

2 The estimates in the whole space 

Let us consider equation ([T]). Using the Fourier transform with respect to 
X one can obtain the following representation of solution through the right- 
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hand side: 



u{x,t)= / T{x,y;t,s)f{y,s) dyds, (7) 




where T is the Green function of the operator Co given by 




for t > s and otherwise. Here A{t) is the matrix {a^^{t)}^j^i. The above 
representation imphes, in particular, the following estimates for F. 

Proposition 1. Let a and 13 he two arbitrary multi-indices. Then 



D:D^^T{x, y; t, s) \ < C {t - s)"^^^^ exp 




and 



d,D:D^^T{x,y;t,s)\ <C{t- exp (^-^|-^^ , (9) 



for ?/ G M" and s < t. Here a depends only on the ellipticity constant v 
and C may depend on u, a and /?. 

In what follows we denote by the same letter the kernel and the corre- 
sponding integral operator, i.e. 



In order to prove an analog of estimate (jlj) for Lp ^ we need the following 
lemma. We introduce the kernels &ij{x,y;t, s) = Dx.Dx.T{x,y;t, s). Thus 
the notation <3ij is used both for the kernel and for the corresponding operator 
defined by (fTOD . 

Lemma 1. Let a function h be supported in the cylinder \y — y^\ < S and 
satisfy J h{y, s) dy = for almost all s. Then 




(10) 



-oo M" 




(11) 



\x-y0\>25 



where C does not depend on 6 and y^. 
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Proof. Due to J h{y, s) dy = 0, we have 

t 

((dijh){x,t) = j j (^<3ij{x,y;t,s) - (3ij{x,y°;t,s)^ h{y,s) dy ds. 

-oo R" 

Using estimate ([8]) for Vy(3ij{x,y;t, s), we obtain 

/ \ f / n \ ( (y\\x — y\^\ 

<bij{x, y\ t, s) - (5ij{x, y ;t,s) < —5- exp 

[t- s) 2 \ t - s J 

for \y — y^\ < 6 and \x — y^\ > 26, where ai is a positive constant depending 
on a. Applying this estimate together with the Holder inequality, we get 



m^M^,t)\ < C5j ( j exp(^-^i^-^^ 



(^i\x-y\'^\ \h(y,s)\^_ds 

n + 3 



t-s J it-s)- 



2 



t-a J (t 



X I /-pf-^^)-^| dy. (12) 



S] 2 



Using the change of variable r = (t — s)\x — y\ ^ in the last integral over 
(— oo,t), we estimate it by C\x — y\~^'^~^^\ Therefore, 



\{&^,h){^,t)\<C J i J exp 



1 

t \ g 

ai\x — y\'^\ \h{y, s)\'' ds \ 6dy 



t-s J (t-s)^ / \a;-y\in+l)/,' 

for \x — yo\ > 26. Integrating this estimate and applying Minkowski's in- 
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equality, we obtain 

S dy dx 



\\{^h){x,-)\\,dx < C 



\x-y°\>2S \x-y'^\>25 \y~y'^\<& 

oo t 

exp 

— oo — oo 



F - y\ 




oi\x — y\'^\ \h{y, s)]"^ ds dt\ « 
t-s ) (t-,)^ 



6 dx 



< C \\Hyr)\\q dy sup , ^ 

\y~y°\<s J la; — vl 

\y-yO\<S \x-yO\>25 ' ^' 



aAx — y\'^\ dt 

sup / exp ■ 



. V - s J {t- s) — 



Using again the change of variable t = {t — s)\x — y\ ^ in the last integral, 
we estimate it by C|x — y | ~ and hence 

r r 5 dx 
/ \\{<5,,h){x,-)\Udt<C\\h\\^^, sup / ^<C|||/i|||i,„ 

J \y-y°\<& J F "~ y\ 

\x-y'^\>25 |x-|/f'|>2<5 

which coincides with ffTTl). □ 



Theorem 1. Letp,q G (l,C)o) and f G Lp_g(R" x M). T/ien t/ie solution of 
equation given by ([7]) satisfies 



$^|||A/^,«|||p,,<C7 (13) 



where C depends only on u, p, q. 

Proof. From (jl]) it follows boundedness of (Sj^ in Lg(R"- x M), 1 < g < 
oo, which implies the first condition in [21 Theorem 3.8] with p = r = q. 
Lemma [1] is equivalent to the second condition in this theorem with p = q. 
Therefore, we can apply Theorem 3.8 [2] to the operator (£>ij and it ensures 
that this operator is bounded in Lp^q(R"' x M) for any p G (1, q). For p > q 
its boundedness follows from the boundedness of the adjoint operator in 
Lp/^q/(M"' X M) which is proved by verbatim repetition of previous arguments. 

Thus, we obtain the estimate of the second term in (fT3|) . The estimate of 
the first term follows now from ([T]). □ 
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In Section|l]we need the following estimate for the operator corresponding 
to the truncated kernels 

&ij{x, y; t, s) = X{x„>v^} D^^D^T{x, y; t, s), 

where x stands for the indicator function. 

Theorem 2. Let p,q G (1,cxd), and let j ^ n. Then the integral operator 
(Sij is bounded both in Lp_g(M" x M) and Lp_g(M" x M) spaces. 

Proof. Step 1. Boundedness in L2(M" x M). Since the boundedness of the 
operators and X{x„>o} ^ij in -^2 follows from (jl]), it suffices to show that 
the operator with kernel 

t, s) = X{x^& (o,v^)} D^^D^T{x, y; t, s) 

is bounded. 

The Fourier transform with respect to x gives 

t 

J'{&,jh){e,Vn,t) = j y"exp(- ((/>(r)rfr)e,e))6e,(-^/^)(e,s) 



exp{iy/t - s{r]n - ^n)) ^ 
X — duds. 

Vn Sn 

Using the assumption j ^ n and ([2]) we obtain 

00 

|^(0,,/i)(r,r/„,t)| < / /'exp(-z/|eps)|e||ri 



R 

X \iJ^h){^,t- S)\ <p{^{T]n- in))^sdinds, 



where 0(r) = |r ^(exp(ir) — By the Holder inequality, 

00 

\H^^M^\Vn,t)\^ < j \if j exp(-Z/|e|'s)v^rfsf/e. 



R 



j j \{Th){i,t-s)\W^exv{-m^s)c^\^s{ii^-i,))^sdsdi^. 



First two integrals give a constant. Therefore, 



j J \J^i&ijh){^',rin,t)\^dr]ndt < C j (l)\^s{7]n - in))V~sdr]n ^ 

MR M 
oo 

jj \{:Fh){i,T)\'dr j l^l'exp {-u\^\'s)dsd^^<cJJ \{J'h){tT)\'dTd^n. 

MM MM 

We integrate this inequahty with respect to and the statement follows by 
the Plancherel theorem. 



Step 2. Boundedness in Lp(]R" x M). For a function h supported in the 
cylinder Qs{y^, and satisfying J h{y, s) dyds = the following inequality 
is valid: 

J \{&ijh){x,t)\ dxdt<C\\h\\i, (14) 
K"\Q2i(y°,s°) 

where C does not depend on 6, and s". Since the proof of this inequal- 
ity repeats, with some simplifications, the proof of estimate ( IT5i) below, we 
confine ourselves to proving ( |T5i) . By [T^ Theorem 3 and §5.3], the estimate 
([T^ and Step 1 provide the boundedness of in Lp(M" x M) for 1 < p < 2. 
As in the proof of Theorem [H the boundedness for 2 < p < oo is proved by 
duality argument. 

Step 3. Boundedness in Lp,q(R"' xM.) . Next, let us show that for a function 
h supported in the layer |s — s°| < 6 and satisfying J h{y, s) ds = for almost 
all y, 

J \\{%ijh)i;t)\\pdt<C\\h\\p,i, (15) 
\t-sO\>25 

where C does not depend on 6 and Since (0jj/i)(x, t) = for s > t + 26, 
the integral in f|T5|) is actually taken over t > sq + 26. By f h{y, s) ds = 0, 
we have 



{%i.jh){x,t) = / {%ij{x,y,t,s)-%,j{x,y,t,s'')^h{y,s) dyds. (16) 
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For |s — s°| < 6 and t — s° > 26, inequalities ([8]) and Qj imply 



s 

%ij{x,y,t,s) -&ij{x,y,t,s°) < j \dr&ij{x,y,t,T)\ dr 



+ \(3ij{x,y,t,t- xl)\ Xxle[t-s,t-sO] < 



CXxl(^[t-s,t-sO] f o-\x-y\ 



cs 

{t-s) 2 



a\x — y\" 
t-s 



, n+2 exp 
(t-s)— V t-s 

Using this in estimating of the right-hand side in (fT6|) . we obtain 



=: Xi{x,y,t,s) +X2ix,y,t,s). 



\\ie,,h)i;t)\\pdt< J \\iI^h)i■,t)\\pdt+ J \\il2h)i;t)\\,dt. 
\t-sO\>2S |i-sO|>2<5 |t-sO|>2<5 

The first term is estimated by ||/i||p,i in the same way as (fT2i) . Let us estimate 
the second term. We have 



X I / exp 



t — s \J \ t — s J {t — s)' 

a\x-y\'^\ \h{y,s)\P dy\p 



t-s 



{t-s) 



The last integral is bounded uniformly with respect to x, t and s. Since 
\s - s°| < 5, we have [t - s,t - s°] C [t - s° - 5, t - s° + 6]. Using the 
Minkowski inequality, we obtain 



{l2h){-,t)\\,dt < C / \\h{-,s)\\,ds 



dt 

t - s 



|t-sO|>25 



sO-S 



sO+26 



X ( sup 

y 



exp 



a\x — y\'^\ dx'dxn\'' 



Vt-sO-S 



t-s J {t- s)-. 
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Denote by I2 the integral in the last large brackets. Using the change of 
variables x = zy/t — s, y = w\/t — s and integrating w.r.t. z', we obtain 



C J exp (^—a\zn — Wn\'^) dz„ 



t - s 



Thus, 



Ul2h)i.,t%dt<C\\h\\,,, sup / -—<C\\h\U 

\s-sO\<5 J [t-Sj'-^'-'P 
\t-s0\>25 sO+2S 

By [21 Theorem 3.8], the estimate (fT51) and Step 2 provide the boundedness 
of (3ij in Lp_g(M" x M) for q G Using duahty argument, we obtain 

boundedness for q G (p, 00). 

Step 4. Boundedness in Lp ,j(R" x R). For a function h supported in the 
cylinder \y — < 6 and satisfying J h{y, s) dy = 0, the following inequality 



\\{&,,h){xr)\Udx<Cl\hl\,^g, (17) 

\x-yO\>2S 

holds, where C does not depend on S and y^. The proof of ffTTj) repeats 
literally the proof of Lemma [H By [21 Theorem 3.8], the estimate ([17]) and 
Step 2 provide boundedness of (3ij in Lp^q(W^ x R) for p G (1,^). The 
boundedness for p G (g, 00) follows by duality argument. □ 



3 The Green function in a half-space 

We denote by r'^{x,y,t, s) the Green function of the operator Cq in the 
half-space R" subject to the homogeneous Dirichlet boundary condition on 
the boundary Xn = 0. From the maximum principle it follows that < 
T^{x, y, t, s) < T{x, y, t, s) and hence by ([8]) 

|r^(x, y, t, s) \<C{t- .)- 1 exp (^-^t^^ . (18) 
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The aim of this section is to prove point- wise estimates for derivatives of T^. 

We need a well-known local gradient estimate for solutions to parabolic 
equations in a half-space. The next statement can be found (up to scaling) 
in Ch. Ill, Sect. 11 and 12 in [8J. 

Proposition 2. (i) Let u G W2'^{Qr{x^ ,t^)) solve the equation CqU = in 
gi?(x°,t°) . Then 

C 

\Du\ < — sup u in Qr/2{x^ 

(ii) Let u G W2'^{Q^{x^ ,t^)) solve the equation CqU = in and 
let u\x^=o = 0. Then 

C 

\Du\ < — sup u in Q^j^{x^ ,t^). 

R Q+{xO,tO) 

Here C depends only on v. 

Iterating the above inequalities we arrive at 

Lemma 2. (i) Let u G W^'^iQfS^x^ .t^)) solve the equation Cqu = in 
QR{x^,t^) . Then 



C 



D'^u\<^ sup u m (5ij/2i-i(a;°,t°). 



(ii) Let u G W2'^{Q\{x'^ ,t^)) solve the equation Cqu = in Q^(x°,t°) 
and let u|x„=o = 0. If ai < 1 then 

C 

Here C depends only on v and a. 

In the next lemma we give local estimates of the normal derivatives. 

Lemma 3. Letu G W^^^Q^^x'^ ,t^)) solve the equation CqU = in Q^{x^ .t'^) 
and let 'u|x„=o = 0. Then for k > 2 and arbitrary small e > the following 
inequality 

C 



x^-^+^\Dlu\ < -— sup u m Q+{x^t') (19) 



holds, where positive constant C depends on u, k and e. 
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Proof. If i?/4 < x° then f|T9|) follows from Lemma [2](i) . Suppose i?/4 > 
Let us prove first that for every a € ]0, 1[ 

\Du{x,t)-Du{y,s)\ 
sup — — ^ — f ■ < CR sup \u\. (20) 

Let 7] = ri{x,t) be a smooth function which is equal to 1 for \t\ < 1/16, 
|x| < 1/4 and equal to for t > 1/4, |x| > 1/2. We put T]ii{x,t) = r]{{t — 
t^) I ,{x — x^) / R). We write the equation CqU = as 

= r]Ra'WiD,u + {dtm)u - a'^'^iu Am + 2Djr]R Dju), (21) 

where a^^{t) = a^^{t) — a"'"'{t)6^^ . We note that for the operator dt — a™ A 
with zero Dirichlet boundary condition estimate (fT3l) is also valid since by 
using the odd extension of solution and the right-hand side we can reduce 
the Dirichlet problem in the half-space to the problem for odd functions in 
the whole space. Therefore, applying estimate f|T3l) with q = p to equation 
OTl) we obtain 



n-l 

W^Ml LP {Q+^^{xO,tO)) + WD'^^W LP (Qt.^(xO.tO)) <c(y^, \\DjDu\ 



LP{Q+^^{xO,tO)) 



+ R ^\\Du\\rpin+ I'^o +o^\ + -R 



■2 I 



\LP(Q+^^ixO,tO)) 11 \mLP{Q+^^{xO,tO)) 

Now using Lemma [2]^ii) for estimating the terms in the right-hand side we 
arrive at 

„ n + 2 — 2p 

\\^t'^\\LP(Q+,Jx<>,fi)) + \\D u\\LP(^Q^ ^^.^o^tO)) <C R p sup \u\. (22) 

Next, we use the following Morrey-type inequality (see p| Ch.2, Lemma 3.3]) 

\Du{x, t) — Du{y, s) 



sup 

Qfl/4(^",t") \x - 2/r + 1^ - si 



< 



<CR P (^IID M||^p(Q+^j^o,tO)) + \W\\LP(Q+^^(xO,tO))J, 

which is valid for p > {n + 2)/(l — 7). Estimating the right-hand side here 
by (122), we obtain ([20]). 
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Now we are in position to complete the proof of inequality f|T9|l . We start 
with the estimate 

\D^^u\ < C sup 

(here {x\t^) G Qj^gi^, pi = and p = xl/2) which follows 

from Lemma [2](i). Since Q2p{x^,t^) C Q~^^^{x^,t^), we obtain from the last 
inequality that 



\Du{x, t) — Du{y, 


s)\ 




\x-y\ 




\t - s\ 


7 
2 



sup \D^^^u\ < C sup 



\Du{x, t) — Du{y, s] 



4/jxO,to) \x-y\^+\t-s\ 



This together with (EDD leads to dUD with e = 1 - 7. □ 

Combining Lemmas [2] and [3|, we arrive at 

Corollary 1. Let u satisfy the assumptions 0/ Lemma [31 If ai > 2 then for 
arbitrary small e > 

<-2+^|Z}"«| < --^^^ sup u tn g+ (23) 

^ Q+(xO,tO) 

where C depends on v , a and e. 

Now let us turn to estimating of derivatives of the Green function. 
Lemma 4. The following estimate for the Green function is valid for s < t: 

\DiD',T-(., y; P, s)\ < C (t - s)-^ ■ exp (-^^^) , (24) 

where the positive constant a depends only on the ellipticity constant v and 
C may depend on v, a and P, provided one of the following four conditions 
is fulfilled: 

(i) a and (3 are arbitrary, and Xn > ^/{t — s) /8, yn > ^/Jt^-^JJS; 

(ii) a and [3 satisfy ai < 1 and /5i < 1 respectively and x,y E M"; 

(iii) (3 is arbitrary, a satisfies ai < 1 and ?/„ > ^y {t — s)/8; 

(iv) a is arbitrary, (3 satisfies (3i <1 and x„ > ^^(if: — s)/8. 
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Proof. It is sufficient to prove the estimate for s = 0. 

Let |a| = 1/5 1 = 0. Then estimate is a consequence of estimate ffTS]) . 

(i) Let P = 0. First, we suppose that Xn > 1/2. Using Lemma [2](i) and 
estimate for |a| = = 0, we obtain 

\D^T^ix,y,l,0)\<C sup |r^(-, -, 0)| < Cexp(-a|x - yl^). (25) 

Ql/2{^.1) 

Now, estimate (12^ for x„ > ^^t/S follows by homogeneity. 

Since the Green function is symmetric, we obtain also estimate in 
the case a = and (3 is arbitrary. 

To prove in general case, we consider the function Gp{x,y,t) = 
D^T^{x,y,t,0). Reasoning as above we arrive at estimate with 
replaced by Gp. Certainly at the last step we must use (jUj) with a = 
which is already proved. So, the case (i) is completed. 

(ii) Let ffist (3 = 0. By homogeneity it suffices to prove flMl) for t = 1 . 
Using Lemma [2]^ii) and estimate fl2^ for |a| = = 0, we obtain estimate 
fl2^ . which implies fl2^ for j3 = 0. Since the Green function is symmetric 
with respect to x and y, we obtain also estimate fl2^ for a = 0. In order to 
handle the general case we apply Lemma[2](ii) to the function V^T^i^x, y, t, 0) 
and using estimate for a = 0, we obtain (!25l) with replaced by D^T^. 
By homogeneity of the Green function we arrive at (l2l|) . 

The cases (iii) and (iv) are considered similarly. □ 



Below we use the notations 



Xn + Vt- ^ yn + yjt~ s 

Theorem 3. For x,y & M" and s < t the following estimate is valid: 

\D:D^^T^ix,y-t-s)\ <C ^ ' "^Pf ' (26) 

where a is the same as in Lemma ^ e is an arbitrary small positive number 
and C may depend on v, a, (3 and e. If ai < 1 {or /3i < 1) then 2 — ai — e 
[2—f3i—e) must be replaced byl — ai [l—jSi) respectively in the corresponding 
exponents. 
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Proof. It is sufficient to prove the estimate for s = 0. 
First let us prove the estimate 

\D:T^ix,y;t;0)\ < C exp ("^y^j (27) 

for tti > 2 and 

|D:r^(x,y;t;0)| < exp (-^^^) (28) 

for ai < 1. 

Consider the case ai > 2. If a;„ < 1/2 then using estimate (|23|) we obtain 

|D,"r^(x,i/; 1,0)1 <Cx^"-^ sup |r^(-,i/;-,0)|< 

0^/2(^-1) 

<Ca;2-"^-^exp(-a|x-yp), 

which implies ([27]) for x„ < a/^/S by homogeneity. If Xn > a/^/S estimate 
fl27|) follows from Lemma Hl^iv). If ai = 1 estimate fl28|) follows from Lemma 
ll](ii). It remains to consider the case ai = 0. If Xn > \/tj8 then estimate 
fl28|) follows from Lemma Hl^ii). Let a;„ < a/1/8. Then 

|r^(x,i/;l,0)| = | y Z}.r^(x',r,y;l,0)rfr| 


— ^ J 6xp(— a|r — ?/„p)(ir exp(— cr|x' — y'p) < Cxn exp(— a|x — y]"^), 


where we applied estimate with ai = 1. Using again the homogeneity 
argument, we arrive at fl28l) for ai = 0. 

Reference to the symmetry of the Green function implies fl26|) for a = 
from fl27|l and fl28l) . Now repeating the proof of Lemma H] but using inequality 
( !26l) with a = instead of ( !24l) with a = we arrive at the estimate 

|D:D,^r^(x,y;t,.)| <C (29) 

(t — s) 2 V IS/ 

in the cases (i) ai < 1 and (ii) a is arbitrary and x„ > ^/t/8. Moreover, 
2 — Pi — e must be replaced by 1 — /?i when /?i < 1. 

Finally, repeating the proof of estimates ( 1271) and ( l28l) but using inequality 
(|29|) instead of ([24]) we arrive at ([26]). □ 



15 



4 The weighted estimates in a half-space 



The main result of this section, which is equivalent to estimate ([5]) and an 
analogous estimate for the Lp ^-norms, is Theorem HI We precede it by the 
following three lemmas which constitute main steps in its proof. 



Lemma 5. Let /i G M, s < t and x„ > -^/t — s, ?/„ > y/t — s. 
following estimates are valid: 



Then the 



^DlT^ix,y;t,s)- DlTix,y;t,s) 

Vn 



^ — ^ "^""P 



(ypix - y\ 
t- s 



, (30) 



X: 



^ DlDlr^ix, y; t, s) - D^Z^^r(x, y; t, s] 



< C- 



Vn 



it-s[ 



n+3 
2 



exp 



cro\x - y\ 
t- s 



(31) 



and 



x\ 



^Did,V^{x,y-t,s)- Didj:{x,y-t,s) 

Vn 

< c- 



it-s[ 



■^exp 

2 



(^o\x - y\ 
t-s 



(32) 



where the positive constant ctq depends only on v and C may depend on v 
and fi. 

Proof. It is sufficient to prove Lemma for s = 0. We put 

G«,^(x, y;t) = ^ D^D^T^ix, y; t, 0) - D^D^^T{x, y; t, 0) 

Since the functions Ga,i3 are positively homogeneous with respect to variables 
X, y and \/t, it is sufficient to prove Lemma for t = 1 and correspondingly 
for x„ > 1 and y„ > 1. First, let us prove the estimate 



|<Go,o(a;,y; 1)1 < Cy^^exp (-a\x - yp) 



(33) 
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for Xn > 1/2 and i/n > 1/2. Here a is a positive constant depending on a. 
Let be arbitrary point with a;^ > 1/2. By ( = ({p) denote a smooth 
function such that C(p) = 1 for p < 1/4 and ({p) = for p > 1/2. Applying 
the operator Cq to the function 

(j){x,y,t) = C{\x - x^\/xl)Go^o{x,y;t), 

we obtain 

Co^{x,y,t) = F,{x,y,t) + F2{x,y,t), (34) 

where 

\ / yn ' \ \ x„ / yw' 

and 



Solving flM|) . we arrive at 
1 

Go,o(x°,y;l) = J j V'^{x\z-l,s)(F^{z,y,s) + F2{z,y,s)yzds. (35) 

wi 

In what follows we'll write x instead of Taking into account fl24|) and 
x„ > 1/2 > 1/5/2, we estimate the first term of the integrand in fl35l) by 

g exp f - - " (36) 



— S)2S 2 ^ i — S 

Similarly, using ([8]) and the second term can be estimated by 



X. 



^ ' o\x — o\z — 



C- ^.^exp ' ' ^. (37) 

(l-s)2s— ^ 1-s s J 

Since the integration in fl5S]) is taken over I2; — x| < x„/2, we obtain 
|Go,o(a;,2/; 1)| is majorized by 

1 

x^^ _A /" /" / o\x — z\^ o\z — y\^\ dzds 



C^HV + ^n / / exp ' ' ^ - — (3^ 
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We observe that the exponent in the right-hand side does not exceed 
exp 



cr|x — a\x — z\'^ a\z — y\'^ 



2 2(1 -s) 2s 

and spht the integral with respect to s into two integrals, one from to 1/2 
and another from 1/2 to 1. Using the change of variables u = {z — in 
the first integral and v = [x — z){l — in the second one, we estimate 

the integral in (1551) by C exp ( — cr|x — yp/2) , that gives the estimate 



■^0,0 



(x,y;l)|<c(^ + x;i)exp( 



Using that for any A G M, a > and x„ > 1/2, yn > 1/2 

XnVn^ < Cx,aexp ^a|x„ - |/„|^^, (39) 

we arrive at (1331). 



Next step includes the following local estimate for solutions to the equa- 
tion Cqu = h in QR{xo,to): 

sup \D^u{x,t)\ < C{R'~^ sup \u{x,t)\+R sup \h{x,t)\). (40) 

For = 1 it follows from the integral representation ([7]) and estimate (IHl) for 
the Green function F after rewriting equation for u as equation in the whole 
space by introducing an appropriate cut-off function. For arbitrary R it is 
proved by homogeneity arguments. Differentiating the equation with respect 
X and iteratively using (HOj) . we arrive at 

sup \Dy{x,t)\<c(R-\''\ sup \u{x,t) 

+ ^ i?2-|a| + |/3| \Df'^h{x,t)\). (41) 

Applying (HTl) with |a;| < 2, to = 1 and = 1/4, to equation £0^^0,0 = 
where 

h{x, y, t) = -2f,^a^^D,T^{x, y; t, 0) - a"X/i - l)^F^(x, y; t, 0) 

Vn yn 
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(cf. dMD). This gives 

|D:Go,o(x,i/;1)| <C sup {\Go,o{-,y;-)\ + \h{-,y,-)\ + \DM-,y,-)\) 

(the last term must be omitted if \a\ = 1). Using fl33l) for estimating the first 
term in the right-hand side and fl24l) for estimating the other terms, together 
with homogeneity arguments, we arrive at the estimate 



1 xr^ 



F - y\ 



\D:Go,o{x,y;t)\ < C exp -a,^-^ (42) 

t 2 yn \ ^ J 

for Xn > 3/4 and yn > 3/4 with a certain positive ai depending on cr. 
Expressing Gq^q in terms of derivatives of Go,o and using fl39|) . we arrive at 

dsni). 

Let us prove flHTl) . Since the Green function is symmetric with respect to 
X and the estimate 

x-^ f ^\x-y\ 



|Go,/3(x,i/;t)| < C^exp (43) 

holds for = 2, x„ > 3\/t/4 and ?/„ > 3-\/t/4. Applying the local estimate 
(14T]) with |a| < 2 to the equation £o*Go,/3 = ^/3; where 



/l/3(x,?/,t) 

= -2/i^a'="D.,D^^r^(x, t, 0) - a">(/x - l)^D^r^(a;, t, 0), 
we obtain 

|D^Go,/3(a;,2/;l)| <C sup (|Go,/3(-, y; ■)! + |/^/3(-, ■)! + l^./^M", 2/, ■)!) 

Qi/4(x,l) 

(the last term must be omitted if |a| = 1). Using here estimates ( H3i) and 
(12^ together with homogeneity arguments and ( 139|) . we arrive at 

|D:Go,^(x,y; 1)1 < C-^exp ("5^2^^) 

for Xn > 1 and ?/„ > 1, which implies (1311) . Finally, inequality (132!) follows 
from (13T!) . since the derivative with respect to s can be expressed through 
the second derivatives with respect to y. The proof is complete. □ 
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For /i G M we define the weighted kernels 



Gijix, y; t,s) = ^ D^^D^T (x, y; t, s) - X{x„>Vt^} D^^D^T{x, y; t, s). 

Dn 

Lemma 6. The following estimates are valid: 

it-s)— ^ Vn / V t-S J 



and 



< C i^ + y-n') expf- ^^'f (45) 

for G M and s < t. Here e is an arbitrary small positive number, the 
positive constant a\ depends only on v while C may depend on v , /i and e. 



Proof. Let Xn > \/t — s and yn > \/t — s. Then IZx x 1 and IZy x 1, where 
TZx X 1 means that TZx is estimated from below and from above by positive 
constants independent of a;, ?/, t and s. Therefore, (jHj) and fHSj) follow from 
(!30|) and (!32|) respectively. 



Now let Xn < \/t — s and ?/„ > 0. Then 



X: 



Gij{x, y; t, s) = -fDx.DxV (x, y; t, s) 

Vn 



and fl2B]) implies 



TZx^TZy x^ / (t|x — ?/| 

, , n+2 ~/I ^XP I 7 

{t-s)—yn V ^--5 



Since x„/v^t^-^ < (^T^^, in this case, the last inequality implies (jH]). Using 
the same arguments, we estimate 

'^Dx^Dx^DlV'^{x,y-t,s) 

by the right-hand side in (H5|) . Since the derivative with respect to s can be 
expressed through the second derivatives with respect to y, we obtain (H5l) . 
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Finally consider the case Xn > y/t — s and ?/„ < y/t — s. Using estimates 
(ED and (ESI), we have 



(x, y; t, .) I < C + l) exp (-^l^J^) 

(t-s)— ^ Vn / V t-S J 



(t-s) 

We observe that TZr x 1 and 



+ 1 < x^TZy + 2y-' 

Since ( p9l) implies 

^ / 1"^" '^I \ ^ f \Xn yn\ 

—== < Ca exp a < Ca exp a — 

\/t — s V t — s J \ t — s 

for every positive a, we arrive at fj44l) with a o"i less that a. 
Similar arguments estimate the function 

% D,^D,^DlT^{x, y- 1, s) - D,^D^^DIT{x, y; t, s). 

by the right-hand side in (H5|) . Since the derivative with respect to s can be 
expressed through the second derivatives with respect to y, we obtain fHSl) . 
The proof is completed. □ 

Lemma 7. Let a function h be supported in the layer \s — < S and satisfy 
Jh{y,s) ds = 0. Also let p G (l,C)o) and fi be subject to Then the 

integral operator Qij satisfies 



m,h){-Mv dt<C\\h\\,^,, 

|t-sO|>25 

where C does not depend on 5 and s°. 
Proof. By J hijj, s) ds = 0, we have 



t 



{Gijh){x,t) = (gij{x,y;t,s) - gij{x,y;t,s^)^ h{y,s) dy ds. (46) 
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We choose e > such that 



1 1 

- + e</i<2 e. (47) 

p p 



For |s - < 5 and t - > 26, estimates (145]) and (IHl) with |a| = 2, 
imply 

\Qij{x,y;t,s) - Qij{x,y;t,s°)\ < / \drGij{x,y;t,T)\ dr 



+ |^x.^x,r(x,?/;t,t-a;2)|x{^2e(t-.,t_sO)} < C HV + ^ 

(t — S) 2 V ?/n 



t-s V t-s J {t-s)— V '^-■s 

On the other hand, estimate (jUj) gives 

\gij{x,y]t, s) -gij{x,y;t, s°)| 

< C (£!V + exp (-^). 

(t-s)— ^ yn / V t-s J 

Combination of these estimates gives 

\gij{x,y;t,s) -gij{x,y;t, 

^i-^r-"'^ A f 6 \^ f a\x-y\' 
< C ^ —jr- + 2/n ) I : 1 exp 



(t-s)— ^ Vn / \t-sj \ t-s 

+C ^^^^-^^ exp (-^^^"j =: :ri(x, y, t, s) + Mx, y, t, 
(t-s)— V t-s J 

Applying this inequality for estimating the right-hand side in (H^ . we obtain 



mM-Mpdt< J UJ,h){;t)\\,dt+ J \\{j2h){;t)\\,dt. 

\t-sO\>2S \t-sO\>25 \t-sO\>26 

The second term is estimated by C||/i||p^i in the proof of Theorem [2], Step 3. 
Further, the first term can be treated by Lemma [10] with m = 1, r = 1, 
Ai = —e, X2 = I — e, x = The inequality (147]) becomes (155]) . and y~^ 
corresponds to a particular case fi = 1. Thus, this term is also estimated by 
C\\h\\p,,. □ 
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Now we are in position to prove one of the main results of this paper. 

Theorem 4. Let p, q G (l,C)o) and fi be subject to ([6]). Then a solution of 
([1]) in M" X M with zero Dirichlet condition satisfies 

\l<dM\p,,+ \lx^nDM\p,,<C\Kf\l,,, ^^g^ 
where C depends only on v, fi, p and q. 

Proof. The estimate of the last terms in the left-hand side of (jUj) is equivalent 
to the boundedness of integral operators with kernels 

(5f^{x,y;t, s) = ^D,^D^T^{x,y;t, s) 

Vn 

in Lp,giWl X R+) and Lp,g(M^ x M), respectively. 

First, we consider the case j ^ n. The kernel &fj{x, y; t, s) can be written 

as 

^fj{x, y, t, s) = Gijix, y; t, s) + X{x„>Vt^} D^^D^T{x, y; t, s). 

By Theorem [2] the operator corresponding to the second term is bounded 
both in Zp,g(M" x R) and in Lp^giW x R) spaces. 

Estimate fl44l) shows that the operator Qij satisfies the assumptions of 
Lemmas [H] and [3 with m = l,r = l, Ai = —e and A2 = 1. (we recall that the 
term y~^ corresponds a particular case /i = 1) Therefore, under condition 
(H7|) this operator is bounded in Lp(M" x M) and in Lp_oo(IR+ x M). Since e is 
arbitrarily small, this is true under condition ([6]). Generalized Riesz-Thorin 
theorem, see, e.g., p5l 1.18.7], shows that the operator Qij is bounded in 
Lp,q{R'^ X R+) for any q > p. For q < p the statement follows by duality 
arguments. 

Further, by Lemma [3, the operator Qij satisfies the assumptions of The- 
orem 3.8 in P]. Therefore, this operator is bounded in Lp q(M" x M) for any 
q G {l,p]- For q > p the statement follows by duality arguments. 

Finally, to estimate dtu and DnDnU, we rewrite the equation ([1]) as 

dtu - a""Au = a'WiDjU + /, (49) 

where a*-' (t) = a^\t)—a'^^{t)5'^^ . After the change of variable r = a""(s) ds, 
equation (H^ becomes 

drU — Am = /, 
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where 

Now estimate (HHl) follows from [11, Theorem 7.6]. □ 

5 Solvability of linear and quasilinear Dirich- 
let problems 

Let be a bounded domain in M" with boundary dVt. For a cylinder Q = 
n X (0,r), we denote by d'Q = {df2 x (0,T)} U {72 x {0}} its parabolic 
boundary. ^ 

We introduce two scales of functional spaces: Lp^g^(^)((5) and Lp ,j^(^)(Q), 
with norms 

T 

\\f\Ui,iQ = \mx)rf\UQ = {j {j id{x)Y''\f{x,mxf'dtf' 

o 

and 

n 

respectively, where d{x) stands for the distance from x G ^2 to d^. For p = q 
these spaces coincide, and we write Lp^(^)((5). 

We denote by Wp^^^^((5) and ^^p'li^^^iQ) the set of functions with the 
finite seminorms 

and 

respectively. These seminorms become norms on the subspaces defined by 

u\d'Q = 0. 
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We say dQ G j^^-j if for any point G dQ there exists a neighborhood 
U and a diffeomorphism \l/ mapping Wfll) onto the half-ball Bf and satisfying 

G Lp{U n fi); ^Ll^*"^ G Lp(5+), 

where corresponding norms are uniformly bounded with respect to 

It is well known (see, e.g., [lOj and [3, Lemma 2.6]) that if dil G C^'^ , 

6 G [0, 1], then dQ G (1-5) • Moreover, in this case corresponding diffeo- 

morphisms \E', \E'~^ G C^'''. Here C^'° stads for C^. 
We set Jl{p,q) = 1 - ^ - |. 



5.1 Linear Dirichlet problem in bounded domains 

We consider the initial-boundary value problem 

Cu = dtu — a^^{x, t)DiDjU + U{x, t)DiU = f{x, t) in Q, u\qiq = 0, (50) 

where the leading coefficients a*-' G C{VL L°°(0,T)) satisfy assumptions 
= and ([2]). 

Theorem 5. Let 1 < p, q < oo and ji E ( — ^, 2 — i) . 

1. Let U G Lp^g (^)((5) + (p)((5), where p and q are subject to 



P>p; 



q = q; 'il{p, q) > 

q<q<oo; ii{p,q) = ' 



while fj. and /i satisfy 

77 = min{/i, max{/i(p, g), 0}}; < 1, 7^ < + ^- (51) 



Suppose also that either dQ G VV_^ (in the case Jl = 1 this assumption 

must be replaced by dQ G C^) or dQ G W^^-y Then, for any f G Lp^q^(^)((5), 

the initial-boundary value problem (1501) /ias a unique solution u G W^'^ (•^)(<5)- 
Moreover, this solution satisfies 



where the positive constant C does not depend on f . 
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2. Let 6* G lLp^y^(^)((5) + where p and q are subject to 

\p = p; ^{p, q)>0 

p < p < oo; 'j2{p, q) = ' 

while Jl andjb satisfy / f37]) . Suppose also that dQ satisfies the same conditions 
as in the part 1. Then, for any f G Lp_g^(^)(Q), the initial-boundary value 

problem f l50l) /ias a unique solution u G Wp^^^-j((5)- Moreover, this solution 
satisfies 

\ldtu\l,,,^,) + J] III < C|||/|||,,,,(^), 

where the positive constant C does not depend on f . 

Remark 1. These assertions generalize [HI Theorem 4.2] and [TJ Theorem 
2.10]. 

Proof. The standard scheme, see [H Ch.IV, §9], including partition of unity, 
local rectifying of dQ and coefficients freezing, reduces the proof to the coer- 
cive estimates for the model problems to equation ([T]) in the whole space and 
in the half-space. These estimates are obtained in |[4i Theorem 1.1] and our 
Theorems 1 and 4. By the Holder inequality and the embedding theorems 
(see, e.g., [2], Theorems 10.1 and 10.4]), the assumptions on 6* guarantee that 
the lower-order terms in fl50|) belong to desired weighted spaces, Lp ,j (^)((5) 
and Lp g respectively. By the same reasons, the requirements on dfl 

imply dQ G and ensure the invariance of assumptions on 6* under rectify- 
ing of the boundary. □ 

5.2 Quasilinear Dirichlet problem in bounded domains 

In this subsection, we consider the initial-boundary value problem 

dtu — a^^ {x,t,u, Du)DiDjU + a{x,t,u, Du) = in Q, u\d'Q = 0. (52) 

We suppose that the first derivatives of the coefficients a^^ {x,t, z,p) with 
respect to x, z and p are locally bounnded and the following inequalities 
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hold for all (x; t) G Q, 2; G and p G M" with some positive v and Vx. 
|a(a;,t,2;,p)| ^ z/i|p|^ + &(x,t)|p| + 



5a*-' (x, t, z, p) 



9p 



9a*-' (x, t, 2, p) 5a*-' (a;, t, 2, p) 



1 + ipr 

< i^iIpI + <l>i(x,t). 



(53) 



9z 

Theorem 6. 1. Let the following assumptions be satisfied: 

(i) l<q^p<oo, fl{p, q)>0, -l/p<fi< i2{p, q), dQ e W^^^^; 

(ii) functions a*-' and a satisfy the structure conditions ( l53l) .' 

(iii) 6,$ G Lp,g,(^)(g); 

(iv) $1 G Lp^,5,,(^,)((5), gi ^Pi < 00, > max{/ii,0}; 

(v) a(-,z, p) is continuous w.r.t. {z,p) in the norm \\ ■ ||pg(^)Q- 

Then the problem (!52l) /ias a solution u G W^'J (-^^(Q)- 
2. Le^ the following assumptions be satisfied: 

(i) 1< p ^ g < 00, g) > 0, -l/p < /i < q), dQ G >V2(^); 

(ii) functions a*-' anc? a satisfy the structure conditions (!53|) .' 

(iii) 6,$ G Lp,g,(^)(g); 

(iv) $1 G Lp^,g^,(^^)((5), pi ^ gi < 00, /i(pi,gi) > max{/ii,0}; 

(v) a(-,z, p) continuous w.r.t. {z,p) in the norm ||| ■ |||p,g,(^),Q. 
r/ien i/ie problem fl52l) /ias a solution u G Wp'J^^^((5)- 

Proof. The proof by the Leray-Schauder principle is also rather standard, 
see, P, Ch.V, §6]. In the case when the leading coefficients are continuous in 
t, these assertions were proved in [TTl Theorem 4.3]. Corresponding a priori 
estimates in [11], see also [9] and [1], do not require continuity of a^^ with 
respect to t, while the solvability of the corresponding linear problem follows 
from Theorem O □ 
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Note that in Theorem [6] for p > q we deal with Lp g (^)((5) scale while 

for p < q we deal with Lp ,j scale. The reason is that all the a priori 

estimates for quasilinear equations are based on the Aleksandrov-Krylov 
maximum principle. Up to now this statement is proved only if the right- 
hand side of the equation belongs to the space with stronger norm, see [T2] . 



6 Appendix. Estimates of some integral op- 
erators 



Also we use the notation 



In this section we denote x = {x' , x") where x' G x" G M™, 1 < m < n. 



\x"\ \y"\ 
-^T. , , / 5 y 



\x"\ + Vt^' ^ \y"\ + Vt^' 

The following two lemmas are generalizations of pTl Lemmas 2.1 and 2.2], 
where they are proved for r = 2. 

Lemma 8. Let 1 < p < oo, and let the kernel )C{x,y,t, s) satisfy for t > s 
the inequality 

\JC{x,y-t,s)\ < C-^— ^^1- exp f , (54) 



\y'Y ' \ t-s 

where a > 0, < r < 2, Ai + A2 > —m, 

m m 

Xi < fjL < m I-A2. (55) 

p p 

Then the integral operator IC, corresponding to the kernel fl54l) . is hounded in 
Lp(M" X M). 

Proof. By f l55|) there exist numbers 71 and 72 such that 

Tfl Tfl 

< 7i < Ai + /i, < 72 < — + A2 - /i . (56) 

p p 
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Let h E Lp. Applying fl5^ and the Holder inequality, we have 





t- S J _ s) — 

— OO M" 

exp — — — „+2-. dyds . 57 

V t-s J |^"|MP'(t _ s)^^ J 

Let us denote by Is the last integral over (— oo,t) x M". Using the change 
of variable y = x — z\/t — s in Is and, in the case m < n, integrating there 
with respect to z' after straightforward calculations we obtain 

* ^(Ai-7i)p'+r. /•exp(-a|2'f )|x"-z"v/t^|(^2-72-/.y ^^// 

as. 



By ( |56|) the integral over is absolutely convergent and it is estimated by 
C{\x"\ + ^Jt^syp' . Therefore, 



t 

^//|{Ai-7i)p'+r 



— OO 

We used here that the integral is absolutely convergent, since r > and 
Ai + yU — 7i > by fl56l) . Applying this inequality for estimating the right- 
hand side in ( l57l) . we obtain 





\{}Ch){x,t)\P dxdt<C / \h{y,s)\P dyds 



X sup / / exp ( ^_ J ) — ^77:^^ /„+2-. 



— CO . 

OO 



\x"Y{t - s)^ 



Denote by J4 the last integral over (s, 00) x M". Using the change of variable 
y = X — zy/t — s in J4 and, in the case m < n, integrating there with respect 
to z' we obtain 



00 

R^y^P r exp{-a\z"\^)\y" - z"^/F^\'y^P dz" 

{t-sy-^I^J (\y"-z"./t^s\ + Vt^y''^' 
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dt. 



By f l56|) . the integral over is absolutely convergent and it is estimated by 
C{\y'\ + Vt^)-''. Therefore, 

h<C I — —, < C. 



{\y"\ + Vt^)T2p+''(t - sy-'-i'^ 

s 

This completes the proof. □ 

Remark 2. . Lemma [8] is also true in the case p = 1 or p = oo. The proof 
repeats with evident changes the proof presented above. 

Lemma 9. Under assumptions of Lemma \Bi the operator IC is bounded in 
Lp,o,(M" X R). 

Proof. Let h e Lp ^o and let 71 and 72 satisfy fl56|) . Using fl5^ and the Holder 
inequality, we have 

t 

|(0)(x,t)| < cH I exp (^- ^'^'jl' ^jsuplMl/,.)!^ 



X T- \n+2-. -li , 

|a;"|(^-M)p(t - s)^— / 

where J3 is the same as in the previous lemma. Applying estimate (l58l) . we 
obtain 

' sup\{ICh){x,t)\P dx <C [ snp\hiy,s)\P dy 

t J s 

00 




X sup / / exp 

y 





a\x-y\^\ \x"\^^P\y"\^^P dxdr 



^ J i\x"\ + v^r'^'\\y"\ + v^r'r"-^ 



The last integral is estimated in the same way as J4 from the previous lemma. 
Therefore, it is bounded uniformly w.r.t. y, and the statement follows. □ 

The next lemma is a generalization of ITl], Lemma 3.2]. 
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Lemma 10. Let 1 < p < oo, a > 0, x > 0, < r < 2, Ai + A2 > —m and 

let fi be subject to flS^ . Also let the kernel )C{x,y,t, s) satisfy the inequality 



m.,V,t,s)\<C^-^-^^[^—) exp^-^-^j, (59) 

for t > s + 6. Then for any s'' > the norm of the operator 

JC : Lp,i(R"x + ^ i:p,i(K" x (s° + 2(5,oo)) 

does not exceed a constant C independent of 5 and 

Proof. Let h G Lp i be supported in the layer |s — s°| < 5. Using (159!) and 
the Holder inequality, we have 



|(/C/i)(x,t)| < C 







{t - s) -+1-^/2 



Denote by Is the integral in the last large brackets. Using the change of 
variable y = x — z\/t — s and, in the case m < n, integrating with respect to 
z', we obtain 

From this estimate and (l60i) . it follows that 

00 00 t 

sO+2S sO+25 M" -00 R" 

\x"\i^i+t')p\h{y, s)\P dy \p 6'' ds 



a\x — 
t - s 
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dx I dt 



Using Minkowski inequality, we estimate the right-hand side by 

c f f J14^(fL.,( ^1-^1 



(t-s)-+W2 \ J J t-S 



in -an 



sO+25 sO-S 

|,r"|^^^i+''^''|//(y.,s)|" dijd''- \^ 

s°+S oo 

< C J \\h(.,s%ds J J^fZ^^,-^-vll, 

where 



/e = / exp 



In order to estimate /g, we apply the change of variables x = z\/t — s and 
y — w\/t — s and, in the case m < n, integrate with respect to z'. This leads 
to 



c 


C exp (— 0" 


\z" - 


-w"\ 




\z"\ 




{t - syp/^ J 


{\z"\ 


+ l)(Ai+/i+r-)p 



Thus, 

/ ||(0)(-,t)||,cit<C||%,i sup / 



00 

<C||fc|L, 



\s-s°\< 

sO+2<5 sO+2(5 



which completes the proof. □ 
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